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Abstract
In the context of the Penrose/BMN limit of the AdS/CFT correspondence, we consider four-
impurity BMN operators in Yang-Mills theory, and demonstrate explicitly their correspondence
to four-oscillator states in string theory. Using the dilatation operator on the gauge-theory side
of the correspondence, we calculate matrix elements between four-impurity states. Since confor-
mal dimensions of gauge-theory operators correspond to light-cone energies of string states, these
matrix elements may be compared with the string-theory light-cone Hamiltonian matrix elements
calculated in the plane-wave background using the string field theory vertex. We find that the
two calculations agree, extending the cases of two- and three-impurity operators considered in the
literature using BMN gauge-theory quantum mechanics. The results are also in agreement with
calculations in the literature based on perturbative gauge-theory methods.
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I. INTRODUCTION
The conjectured AdS/CFT correspondence[1, 2, 3] between Superstring theory and Super
Yang-Mills theory has withstood many tests during the years since it was put forward.
Since it has not been possible to verify AdS/CFT directly, different special cases have been
considered and elucidated. One such limit is the well-known ‘BMN limit,’ proposed by
Berenstein, Maldacena and Nastase [4]. On the string side of the correspondence, a Penrose
limit of AdS space is taken, producing a plane-wave background[5]. On the Yang-Mills
side this corresponds to a specific sector of the theory in which both N and J , the R-
charge, are taken to infinity, holding N/J2 fixed. This is known as the BMN double-scaling
limit[6, 7, 8, 9, 10, 11, 12]. A nice review has been given in [13]. To leading order in
g2YMN/J
2 the light-cone gauge energy of a string state is given by
ELC/µ = ∆− J (1)
where µ is the mass parameter of the AdS space, ∆ is the scaling dimension of the gauge-
theory operator corresponding to the string state, and J is its R-charge. Writing the exact
correspondence in terms of operators, the light-cone string Hamiltonian is given by
HLC/µ = D − J (2)
where D is the dilatation operator in the Yang-Mills theory. In the present paper, we
consider the bosonic sector of this correspondence.
On the Yang-Mills side, one may write down a perturbative expansion in the effective
t ’Hooft coupling λ′ = g2YMN/J
2 and in the genus-counting parameter g2 = J
2/N . The
gauge theory sports an SO(6) R-symmetry group with fields φm transforming in the vector
representation. One picks two of these, say φ5 and φ6, and defines Z = φ5 + iφ6 and
Z¯ = φ5 − iφ6, which have plus and minus unit R-charge respectively. The operators in
correspondence with oscillator string states in this limit are the BMN operators, which are
products of traces of powers of Z, sprinkled with ‘impurities’ which consist of the other four
φ fields[4, 14, 15]. In the BMN limit, these powers are taken to be large and these operators
form a basis in which one can investigate the dilatation operator D and obtain information
about the light-cone string Hamiltonian. The number of impurities h in such an operator is
identified with the excitation level of the corresponding string state, and the total number
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of fields (Z and φ) corresponds to J + h, which is the R-charge and engineering dimension
of the operator. Anomalous dimensions of these operators correspond to light-cone string
energies.[4, 16, 17, 18] Finding anomalous conformal dimensions amounts to diagonalising
the dilatation operator, and this is made non-trivial by operator mixing [9] when non-planar
and one-loop contributions are considered. Such investigations may also be carried out by
considering two-point functions [7, 19, 20, 21].
In the present paper we investigate four-impurity BMN operators, using the dilatation
operator to construct the string Hamiltonian for level-four states. This method, called
“BMN Quantum Mechanics” has been used in the two-impurity[23] and three-impurity[25]
cases. Since there are only four distinct impurity fields, more impurities cannot be con-
sidered without taking into account the combinatoric effects of repeated impurities; thus
we complete the analysis of possible distinct-impurity states by considering the maximal
four-impurity case. Operators with arbitrary numbers of impurities have been considered
using Yang-Mills perturbation theory[21] in which matrix elements can be extracted from
three-point functions. This method has been used for various combinations of scalar and
vector impurities[21, 24] and for the case of two fermion impurities[22]. Our results using
BMN Quantum Mechanics will be found to agree with these perturbative Yang-Mills com-
putations. Using the perturbative approach it was possible for the authors of [24] and [21] to
consider an arbitrary number of impurities; from our experience with the four-impurity cal-
culation, it seems tedious to consider higher-impurity states using the quantum-mechanical
method. In contrast, it should be mentioned that since in the perturbative approach the
three-point function is used to obtain matrix elements, the quantum-mechanical approach
may lend itself more readily to the consideration of multitrace states with more than two
traces.
We construct the string Hamiltonian by first diagonalising the dilatation operator at lead-
ing order and planar level, and then using this basis to write genus-one dilatation operator
elements at one-loop order. The calculations, although analogous to two- and three-impurity
cases, are very lengthy and tedious in comparison. The resulting Hamiltonian, expressed
in terms of its matrix elements in the four-impurity state basis is expected to be in cor-
respondence with the three-string light-cone interaction vertex calculated in String Field
Theory. We calculate this vertex for level-four string states and find precise agreement with
the gauge-theory calculation; the string interaction Hamiltonian of three string states with
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a total of four excitations is verified to correspond to the matrix dilatation operator on the
gauge-theory side between the corresponding four-impurity BMN operators.
II. FOUR-IMPURITY BMN OPERATORS
Using the notation
O1,2,...,hp1,p2,...,ph ≡ tr[φ1Zp1φ2Zp2...φhZph] (3)
for a single-trace operator with h impurities1, l-trace four-impurity BMN operator basis
elements may be written
‘4’ : O1234p1p2p3p4
l∏
j=1
OJj (4)
‘31’ : O123p1p2p3O4p4
l∏
j=1
OJj (5)
‘22’ : O12p1p2O34p3p4
l∏
j=1
OJj (6)
‘211’ : O12p1p2O3p3O4p4
l∏
j=1
OJj (7)
‘1111’ : O1p1O2p2O3p3O4p4
l∏
j=1
OJj (8)
where Op simply indicates an operator with no impurities, tr[Zp]. We shall use the indicated
labels ‘4’, ‘31’, ‘22’, ‘211’ and ‘1111’ as a short-hand way of referring to these operators. It
may be noted that the superscripts in the above, in addition to indicating which impurities
are present, also denote the order of the impurities. We write J0 = p1 + p2 + p3 + p4 so
that J =
∑l
j=1 Jj is the total R-charge of the operator. Taking the continuum BMN limit
J → ∞ with xi = pi/J and ri = Ji/J , string states corresponding to the above will be
1 As mentioned in the introduction, for more that four impurities, the same φ fields would have to be
repeated.
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denoted as
‘4’ :
√
NJ+4
J
|x1, x2, x3, x4〉1234
l∏
j=1
|rj〉 (9)
‘31’ :
√
NJ+4
J
|x1, x2, x3〉123|x4〉4
l∏
j=1
|rj〉 (10)
‘22’ :
√
NJ+4
J
|x1, x2〉12|x3, x4〉34
l∏
j=1
|rj〉 (11)
‘211’ :
√
NJ+4
J
|x1, x2〉12|x3〉3|x4〉4
l∏
j=1
|rj〉 (12)
‘1111’ :
√
NJ+4
J
|x1〉1|x2〉2|x3〉3|x4〉4
l∏
j=1
|rj〉 (13)
The normalisation of these states may be understood by examining their tree-level planar
two-point functions[25].
III. STRING HAMILTONIAN
We wish to find the string Hamiltonian, given by
H = lim
N→∞,N/J2fixed
(D − J), (14)
in the basis defined in the previous section. As explained in [25] this is not Hermitian, so
that H found in this way may not be directly interpreted as the string Hamiltonian. To
remedy this, one begins by defining the inner product using the planar free theory,
〈a|b〉 ≡ 〈OaOb〉free, planar; (15)
H is not Hermitian with respect to this product, but with respect to the product defined by
the full non-planar free correlator
〈a|b〉g2 ≡ 〈OaOb〉free, full ≡ 〈a|S|b〉, (16)
where S is Hermitian with respect to the original planar product. A new basis state may
be defined by the non-unitary transformation
|a˜〉 ≡ S−1/2|a〉. (17)
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Now, a ‘new’ Hamiltonian H˜ may be defined by[20, 26, 27, 28]
〈a˜|H˜|b˜〉 ≡ 〈a˜|H|b˜〉g2 (18)
so that
H˜ = S1/2HS−1/2 (19)
is Hermitian in the original basis and should correspond to the light-cone string Hamiltonian
HLC, up to a possible unitary transformation. Now, since 〈a|S|b〉 = 〈a|b〉g2, S is just the
full non-planar mixing matrix for basis states. Expanding S and H in the genus-counting
parameter g2,
S = 1 + g2Σ +O(g22) , H = H0 + g2H1 +O(g22), (20)
and we may write matrix elements of the string Hamiltonian;
〈a|H˜|b〉 = 〈a|(1 + 1
2
g2Σ)H(1− 1
2
g2Σ)|b〉 = 〈a|H0|b〉+ g2〈a|
(1
2
[Σ, H0] +H1
)|b〉 (21)
Here, H0 is just the planar part of D2, the dilatation operator at one-loop order while H1 is
the genus-one part of D2. The dilatation operator is given by [6, 8, 9, 29, 30, 31, 32]
D = D0 +
g2YM
16pi2
D2 +O(g4YM) (22)
where
D0 = tr
(
φmφˇm
)
, D2 = − : tr
(
[φm, φn][φˇm, φˇn] +
1
2
[φm, φˇn][φm, φˇn]
)
: . (23)
Here, m and n are SO(6) indices running from 1 to 6, φˇ = δ/δφ and the normal ordering
symbol denotes that the enclosed φ-derivatives only act on fields outside it. For operators
containing Z and φi fields (but no Z¯ fields), the above expression for D2 becomes
D2 = − : tr
(
[φi, φj][φˇi, φˇj] + 2[φi, Z][φˇi, Zˇ] +
1
2
[φi, φˇj][φi, φˇj]
)
: (24)
where i and j run only over impurity fields, that is from 1 to 4. In the following we do not
consider ‘boundary’ terms in which the impurities are neighbours2, so that the first term in
eqn.(24), which always produces such states, may be neglected. Since the four impurities
2 Such terms make diagonalisation of D very difficult in a discrete basis, but in the continuum BMN limit
they become unimportant.
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we consider are distinct, the third term may also be neglected, since it contains a double
derivative of a single φ field.3
It will be helpful to make note of the following contraction identities.
tr[1] = N, (25)
tr[Aφˇ]tr[Bφ] = tr[AB] (“fusion”), (26)
tr[AφˇBφ] = tr[A]tr[B] (“fission”), (27)
and the complete contractions
tr[ZpZ¯q] = δpqN
p+1 +O(Np−1), (28)
tr[Zp]tr[Z¯qZr] = δp+r,qp(r + 1)N
p+r +O(Np+r−2), (29)
tr[ZpZ¯qZrZ¯s] = δp+r,q+sN
p+r+1(min(p, q, r, s) + 1) +O(Np+r−1). (30)
Operating with H0 on the discrete basis (4)-(8) we find
H0Oabcdpapbpcpd
∏
j
OJj = −
g2YMN
8pi2
(− 2Oabcdpa,pb,pc,pd +Oabcdpa−1,pb,pc,pd+1 +Oabcdpa+1,pb,pc,pd−1)∏
j
OJj
+ (three other cyclic permutations of abcd) (31)
H0OabcpapbpcOdpd
∏
j
OJj = −
g2YMN
8pi2
(− 2Oabcpa,pb,pc +Oabcpa−1,pb,pc+1 +Oabcpa+1,pb,pc−1)Odpd∏
j
OJj
+ (two other cyclic permutations of abc) (32)
H0OabpapbOcdpcpd
∏
j
OJj = −
g2YMN
2pi2
(− 2Oabpa,pb +Oabpa−1,pb+1 +Oabpa+1,pb−1)Ocdpcpd∏
j
OJj
+ (abcd→ cdab) (33)
H0OabpapbOcpcOdpd
∏
j
OJj = −
g2YMN
4pi2
(− 2Oabpa,pb +Oabpa−1,pb+1 +Oabpa+1,pb−1)OcpcOdpd∏
j
OJj (34)
H0OapaObpbOcpcOdpd
∏
j
OJj = 0. (35)
3 These would contribute in the case of more than four impurities.
7
In the continuum limit these become (x123 denotes x1 + x2 + x3, etc.)
H0|x1, x2, x3, r0 − x123〉1234
= − λ
′
8pi2
(
∂2x1 + (∂x2 − ∂x1)2 + (∂x3 − ∂x2)2 + ∂2x3
)|x1, x2, x3, r0 − x123〉1234 (36)
H0|x1, x2, x3〉123|r0 − x123〉4
= − λ
′
8pi2
(
∂2x1 + ∂
2
x2 + (∂x2 − ∂x1)2
)|x1, x2, x3〉123|r0 − x123〉4 (37)
H0|x1, x2〉12|x3, r0 − x123〉34
= − λ
′
8pi2
(
(∂x1 − ∂x2)2 + ∂2x3
)|x1, x2〉12|x3, r0 − x123〉34 (38)
H0|x1, x2〉12|x3〉3|r0 − x123〉4 = − λ
′
4pi2
∂2x1 |x1, x2〉12|x3〉3|r0 − x123〉4 (39)
In the above expressions, we have suppressed the factor
∏l
j=1 |rj〉 since it is unaffected by
H0. The above eigenvalue equations are solved by defining the following momentum-basis
states[7, 19].
|n1, n2, n3; r0〉 ≡ 1√
r30
×
∑
(abc)
∫
x123<r0
d3xe
2pii
r0
(nax1+nbx12+ncx123)O1,a+1,b+1,c+1(x1, x2, x3, r0 − x123), (40)
|n1, n2; r0 − s〉123|s〉4 ≡ 1
r0 − s
×
∑
(ab)
∫
x12<r0−s
d2xe
2pii
r0−s
(nax1+nbx12)O1,a+1,b+1(x1, x2, r0 − s− x12)O4(s), (41)
|n1; r0 − s〉12|n2; s〉34 ≡ 1√
(r0 − s)s
×
∫ r0−s
0
dx1
∫ s
0
dx2e
2pii(
n1
r0−s
x1+
nb
s
x2)O12(x1, r0 − s− x1)O34(x2, s− x2), (42)
|n; r0 − s− t〉12|s〉3|t〉4 ≡ 1√
r0 − s− t
×
∫ r0−s−t
0
dxe
2pii
r0−s−t
nxO12(x, r0 − s− t− x)O3(s)O4(t), (43)
while zero-impurity states are normalised as |r〉 ≡ 1√
r
O(r). Here, O(x) simply denotes
the continuum version of the discrete operator basis (4)-(8).
∑
(abc) denotes a summation
in which abc takes on each of the six permutations of 123, and similarly for
∑
(ab). The
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superscripts now indicate only which impurities are contained in each trace. These above
momentum states have the energy eigenvalues
E‘4’ =
λ′
2
n2123 + n
2
1 + n
2
2 + n
2
3
r20
, (44)
E‘31’ =
λ′
2
n212 + n
2
1 + n
2
2
(r0 − s)2 , (45)
E‘22’ =
λ′
2
(
n21
(r0 − s)2 +
n22
s2
)
, (46)
E‘211’ = λ
′ n
2
(r0 − s− t)2 , (47)
E‘1111’ = 0. (48)
Again, these do not depend on whether or not the states
∏ |rj〉 are present; H0 will not
operate on such factors. The momentum states (40)-(43) are orthonormal, so that
l∏
j=1
〈rj |m1, m2, m3; r0|n1, n2, n3; s0〉
l′∏
j=1
|sj〉 = δm1,n1δm2,n2δm3,n3δl,l′δ(r0−s0)
∑
pi∈Sl
l∏
k=1
δ(rpi(k)−sk)
(49)
and similarly for the remaining states (41)-(43).
We must now calculate explicitly H1 and Σ in the above H0-eigenstate basis. For clarity,
we follow the convention of writing H1 = H++H−, where H+ increases and H− decreases the
number of traces when acting on a basis state. The procedure is several times more tedious
and lengthy than in the three-impurity case [25], and we relegate the explicit computation
of these quantities to Appendices I and II.
The calculation of H1 in Appendix I leads us to the following observations. Upon writing
out the matrix elements of H+ and H−, we see that for matrix elements not involving a ‘4’-
state, the calculation effectively reduces to the case of fewer impurities. The matrix elements
between our ‘31’, ‘211’, and ‘1111’ states therefore need not be considered further, since
they correspond to the three-impurity case already studied in [25] or to the two-impurity
calculation of [23]. Moreover, we note that the ‘22-22’ matrix element of H1 simply involves
two copies of the ‘2-2’ element from the two-impurity case studied in [23].
We point out that in the following, the notations Da and D
b
a are used differently in each
case. We continue to omit the product
∏
j |rj〉 of zero-impurity states which we omitted in
the above, with the understanding that this product may appear in each of the following
states without affecting the calculation. Referring again to Appendix I, the ‘4-4’ elements
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of H+ and H− are given by
〈s|〈m1, m2, m3; r0 − s|H+|n1, n2, n3; r0〉
=
−λ′
2pi4
1√
(r0 − s)3sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
×m1D1 +m2D2 +m3D3 +m123D123
(r0 − s)D1D2D3D123
where Da =
na
r0
− ma
r0 − s (50)
and
〈m1, m2, m3; r0|H−|n1, n2, n3; r0 − s〉|s〉
=
λ′
2pi4
1√
(r0 − s)3sr30
sin
(pism1
r0
)
sin
(pism2
r0
)
sin
(pism3
r0
)
sin
(pism123
r0
)
×
[
m123
r0D123
(
1
D2D3
+
1
D1D3
+
1
D1D2
)
+
1
r0D123
(
m1
D2D3
+
m2
D1D3
+
m3
D1D2
)]
where Da =
na
r0 − s −
ma
r0
. (51)
For the ‘4-31’ elements of H+ and H− we find
123〈m1, m2; r0 − s|4〈s|H+|n1, n2, n3; r0〉
=
−λ′
2pi4
1√
(r0 − s)2r30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
×
[
m1
r0 − s
(
1
D−22 D
−1
1
+
1
D−12123 D
−2
2
)
+
m2
r0 − s
(
1
D−22 D
−1
1
+
1
D−12123 D
−1
1
)]
where Dba =
na
r0
+
mb
r0 − s (52)
and
〈m1, m2, m3; r0|H−|n1, n2; r0 − s〉123|s〉4
=
λ′
2pi4
1√
(r0 − s)2r30
sin
(pism1
r0
)
sin
(pism2
r0
)
sin
(pism3
r0
)
sin
(pism123
r0
)
×
[(
1
D−12312
− 1
D−1212
− m123
m3D
−12
12
)(
1
D−11
+
1
D−22
)
− 1
m3D
−123
12
(
m1
D−22
+
m2
D−11
)]
where Dba =
na
r0 − s +
mb
r0
. (53)
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Finally, the ‘4-22’ elements are
12〈m1; r0 − s|34〈m2; s|H+|n1, n2, n3; r0〉
=
−λ′
2pi4
1√
(r0 − s)sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
×
[
m1
r0 − s
1
D22D
−2
3
(
1
D−11
+
1
D−1123
)
+
m2
s
1
D−1123D
−1
1
(
1
D22
− 1
D−23
)]
where D1a =
na
r0
+
m1
r0 − s and D
2
a =
na
r0
+
m2
s
(54)
and
〈m1, m2, m3; r0|H−|n1; r0 − s〉12|n2; s〉34
=
λ′
2pi4
1√
(r0 − s)sr30
sin
(pism1
r0
)
sin
(pism2
r0
)
sin
(pism3
r0
)
sin
(pism123
r0
)
×
[
m1 −m2
m23
1
D−1231 D
−3
2
+
m2 +m23
m23
1
D−11 D
−3
2
− m123 +m3
m23
1
D−11 D
2
2
+
m1 −m3
m23
1
D1231 D
2
2
]
where Db1 =
n1
r0 − s +
mb
r0
and Db2 =
n2
s
+
mb
r0
. (55)
Next the matrix elements of Σ, from Appendix II, are given by the following. The ‘4-4’
component of Σ is
〈s|〈m1, m2, m3; r0 − s|Σ|n1, n2, n3; r0〉
=
1
pi4
√
(r0 − s)3sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
× 1
D1D2D3D123
where Da =
na
r0
− ma
r0 − s, (56)
while the ‘4-31’ element is found to be
123〈m1, m2; r0 − s|4〈s|Σ|n1, n2, n3; r0〉
=
1
pi4
√
(r0 − s)2r30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
× 1
D−12123 D3D
−1
1 D
−2
2
where Dba =
na
r0
+
mb
r0 − s, (57)
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and the ‘4-22’ component is
12〈m1; r0 − s|34〈m2; s|Σ|n1, n2, n3; r0〉
=
1
pi4
√
(r0 − s)sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
× 1
D−1123D
−1
1 D
−2
3 D
2
2
where D1a =
na
r0
+
m1
r0 − s and D
2
a =
na
r0
+
m2
s
. (58)
In the above formulae, other impurity orderings may be accommodated by considering
appropriate permutations of the momenta. These permutations are found using the def-
initions of the momentum states (40)-(43). Let |〉abcd be any single- or multi-trace state
containing the four impurities abcd. We wish to find the matrix element of some operator
M between this state and the ‘4’-state,
abcd〈|M |n1, n2, n3; r0〉, (59)
given that we already have this quantity for the case abcd = 1234;
Mn1,n2,n3 ≡ 1234〈|M |n1, n2, n3; r0〉. (60)
The results are, for pi ∈ S3 and abc = pi(234),
1abc〈|M |n1, n2, n3; r0〉 = Mpi(n1,n2,n3) (61)
a1bc〈|M |n1, n2, n3; r0〉 = Mpi(−n123,n2,n3) (62)
ab1c〈|M |n1, n2, n3; r0〉 = Mpi(−n123,n1,n3) (63)
abc1〈|M |n1, n2, n3; r0〉 = Mpi(−n123,n1,n2). (64)
Now we are in a position to calculate the string Hamiltonian H˜, assembling H0, H1 and
Σ using eqn.(21). The ‘4-4’ element of the genus-one correction to H˜ is given by
H˜‘4-4’
∣∣
g2
= g2〈s|〈m1, m2, m3; r0 − s|
(1
2
[Σ, H0] +H1
)|n1, n2, n3; r0〉. (65)
Which may be calculated either using Σ and H+ from eqn.(56) and eqn.(50), or Σ and H−
from the conjugate of eqn.(56) and eqn.(51). It may easily be verified that these give the
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same result, showing that H˜ is Hermitian as it should be, and serving as a check on the
calculations. The result is
H˜‘4-4’
∣∣
g2
=
λ′g2
4pi4
1√
(r0 − s)3sr30
(D1)
2 + (D2)
2 + (D3)
2 + (D123)
2
D1D2D3D123
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where Da =
na
r0
− ma
r0 − s. (66)
Of course, the genus-zero ‘4-4’ component is simply given by H0 in eqn.(44). The ‘4-31’
element is similarly obtained using Σ from eqn.(57) and H± from eqn.(52) or eqn.(53) to
calculate
H˜‘4-31’ = g2
123〈m1, m2; r0 − s|4〈s|
(1
2
[Σ, H0] +H1
)|n1, n2, n3; r0〉 (67)
=
λ′g2
4pi4
1√
(r0 − s)2r30
(D−12123 )
2 + (D−11 )
2 + (D−22 )
2 + (D3)
2
D−12123 D
−1
1 D
−2
2 D3
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where Dba =
na
r0
+
mb
r0 − s, (68)
and the ‘4-22’ element by using eqn.(58) and eqn.(54) or eqn.(55), giving
H˜‘4-22’ = g2
12〈m1; r0 − s|34〈m2; s|
(1
2
[Σ, H0] +H1
)|n1, n2, n3; r0〉 (69)
=
λ′g2
4pi4
1√
(r0 − s)sr30
(D−1123)
2 + (D22)
2 + (D−23 )
2 + (D−11 )
2
D−1123D
2
2D
−2
3 D
−1
1
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where D1a =
na
r0
+
m1
r0 − s and D
2
a =
na
r0
+
m2
s
. (70)
With the order-g2 string Hamiltonian now in hand, we turn to the computation of the
string field theory vertex with which it is expected to correspond.
IV. COMPARISON WITH STRING-FIELD VERTEX
The number of impurities of a BMN operator on the SYM side of the correspondence is
identified with the number of oscillator excitations of the corresponding state on the string
side. Light-cone String Field Theory in the plane-wave background has been developed in
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[33, 34, 35, 36, 37], and the Neumann coefficients necessary for computations have been
found in [38] with further results in [39, 40].
We shall consider a three-string interaction, with a total of eight oscillator excitations
distributed among the three strings. A multi-string state with 2k excitations is given by
|A〉 =
2k∏
j=1
α
Ij†
(rj)mj
|0〉 (71)
where rj are the string numbers, Ij label the transverse AdS directions (i.e. the impurity
coordinates), and mj are the oscillator numbers. For our purposes, we set k = 4.
In the case of our ‘4-4’ interaction, we consider the three-string state
|4,4〉 = α1†(1)n1α
2†
(1)n2
α3†(1)n3α
4†
(1)−n123α
1†
(3)m1
α2†(3)m2α
3†
(3)m3
α4†(3)−m123 |0〉(1) ⊗ |0〉(2) ⊗ |0〉(3), (72)
where excitations are absent for string number two; it corresponds to a zero-impurity state.
In [15] it is shown how to calculate the interaction vertex between the strings in this state.
We find
〈4,4|H3〉 = α(1)α(2)α(3)
2
4∑
j=1
Nj (73)
where
N1 =
(
ω(1)n1
µα(1)
+
ω(3)m1
µα(3)
)
N˜
(1,3)
−n1,m1N˜
(1,3)
n2,m2
N˜ (1,3)n3,m3N˜
(1,3)
−n123,−m123 , (74)
N2 =
(
ω(1)n2
µα(1)
+
ω(3)m2
µα(3)
)
N˜ (1,3)n1,m1N˜
(1,3)
−n2,m2N˜
(1,3)
n3,m3
N˜
(1,3)
−n123,−m123 , (75)
N3 =
(
ω(1)n3
µα(1)
+
ω(3)m3
µα(3)
)
N˜ (1,3)n1,m1N˜
(1,3)
n2,m2N˜
(1,3)
−n3,m3N˜
(1,3)
−n123,−m123 , (76)
N4 =
(
ω(1)−n123
µα(1)
+
ω(3)−m123
µα(3)
)
N˜ (1,3)n1,m1N˜
(1,3)
n2,m2N˜
(1,3)
n3,m3N˜
(1,3)
n123,−m123 , (77)
where the string frequencies are ω(r)m =
√
m2 + µ2α2(r). The α(r) are the fractions of outgoing
light-cone momentum carried by each string, and in the present case these are α(1) = 1− s,
α(2) = s and α(3) = −1. The Neumann coefficients for the plane-wave geometry are given
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by [38], and we display them here for convenience (m,n > 0):
N˜
(r,s)
0,n = N˜
(r,s)
0,−n =
1√
2
N¯
(r,s)
0,n
N˜
(r,s)
±m,±n =
1
2
(
N¯ (r,s)m,n − N¯ (r,s)−m,−n
)
N˜
(r,s)
±m,∓n =
1
2
(
N¯ (r,s)m,n + N¯
(r,s)
−m,−n
)
N¯
(r,s)
0,n =
1
2pi
(−1)s(n+1)s(s)n
√
|α(s)|
α(r)ω(s)n(ω(s)n + µα(s))
N¯
(r,s)
±m,±n = ±
1
2pi
(−1)r(m+1)+s(n+1)s(r)ms(s)n
α(s)ω(r)m + α(r)ω(s)n
×
√
|α(r)α(s)|(ω(r)m ± µα(r))(ω(s)n ± µα(s))
ω(r)mω(s)n
(78)
s(1)m = s(2)m = 1 s(3)m = 2 sin
(
pim
α(1)
α(3)
)
(79)
Expanding to leading order in 1/µ, the Neumann matrices become (for the cases we need)
N˜ (r,3)m,n =
(−1)r(m+1)+n sin(pins)
2pi
√
α(r)
(
m
α(r)
− n) +O
( 1
µ2
)
. (80)
Substituting into our expression (73) for the ‘4-4’ string amplitude, we obtain
〈4,4|H3〉 = 1
2
s
1− s
(D1)
2 + (D2)
2 + (D3)
2 + (D123)
2
D1D2D3D123
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where Da =
na
r0
− ma
r0 − s. (81)
Apart from normalisation, this is in complete agreement with the ‘4-4’ matrix element (66)
of the string Hamiltonian H˜ calculated on the SYM side, A calculation similar to the above
leads to
〈4,3,1|H3〉 = s(1− s)
2
{(
ω(3)n1
µα(3)
+
ω(2)0
µα(2)
)
N˜
(3,2)
−n1,0N˜
(3,1)
n2,m1N˜
(3,1)
n3,m2N˜
(3,1)
−n123,−m12 (82)
+
(
ω(3)n2
µα(3)
+
ω(1)m1
µα(1)
)
N˜
(3,2)
n1,0 N˜
(3,1)
−n2,m1N˜
(3,1)
n3,m2
N˜
(3,1)
−n123,−m12 (83)
+
(
ω(3)n3
µα(3)
+
ω(1)m2
µα(1)
)
N˜
(3,2)
n1,0
N˜ (3,1)n2,m1N˜
(3,1)
−n3,m2N˜
(3,1)
−n123,−m12 (84)
+
(
ω(3)−n123
µα(3)
+
ω(1)−m12
µα(1)
)
N˜
(3,2)
n1,0
N˜ (3,1)n2,m1N˜
(3,1)
n3,m2
N˜
(3,1)
n123,−m12
}
, (85)
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which upon substitution of the expanded Neumann matrices (80) leads to
〈4,3,1|H3〉 = 1
2
√
s
(1− s)
(D−12123 )
2 + (D−11 )
2 + (D−22 )
2 + (D3)
2
D−12123 D
−1
1 D
−2
2 D3
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where Dba =
na
r0
+
mb
r0 − s. (86)
Again, this is in perfect agreement with the gauge-theory result (67). Finally, we calculate
the ‘4-22’ interaction
〈4,2,2|H3〉 = s(1− s)
2
{(
ω(3)n1
µα(3)
+
ω(1)m1
µα(1)
)
N˜
(3,2)
−n1,m1N˜
(3,1)
n2,−m1N˜
(3,2)
n3,m2N˜
(3,2)
−n123,−m2 (87)
+
(
ω(3)n2
µα(3)
+
ω(1)−m1
µα(1)
)
N˜ (3,2)n1,m1N˜
(3,1)
−n2,−m1N˜
(3,2)
n3,m2N˜
(3,2)
−n123,−m2 (88)
+
(
ω(3)n3
µα(3)
+
ω(2)−m2
µα(2)
)
N˜ (3,2)n1,m1N˜
(3,1)
n2,−m1N˜
(3,2)
−n3,m2N˜
(3,2)
−n123,−m2 (89)
+
(
ω(3)−n123
µα(3)
+
ω(2)−m2
µα(2)
)
N˜ (3,2)n1,m1N˜
(3,1)
n2,−m1N˜
(3,2)
n3,m2
N˜
(3,2)
n123,−m2
}
, (90)
and find
〈4,2,2|H3〉 = 1
2
√
1− s
s
(D−1123)
2 + (D22)
2 + (D−23 )
2 + (D−11 )
2
D−1123D
2
2D
−2
3 D
−1
1
× sin(pisn1
r0
) sin(
pisn2
r0
) sin(
pisn3
r0
) sin(
pisn123
r0
)
where D1a =
na
r0
+
m1
r0 − s and D
2
a =
na
r0
+
m2
s
; (91)
agreement with eqn.(69) obtains.
We see that the string Hamiltonian H˜ calculated on the Yang-Mills side for four-impurity
BMN states reproduces the light-cone string field vertex between four-excitation string
states.
V. DISCUSSION
We have used the dilatation operator on the gauge-theory side of the correspondence
in the basis of four-impurity BMN operators to derive an expression for the corresponding
Hamiltonian on the string side. Four-impurity operators, as in the two- and three-impurity
cases, may be considered to have distinct impurities, and this fact has been used to simplify
the calculations. Nevertheless, to obtain the gauge-theory matrix elements and transform
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to the momentum-state string basis requires many tedious pages of calculation. This is
rewarded by the precise agreement between these and the matrix elements obtained directly
from the string field theory vertex in the plane-wave background. Our results are also
in agreement with the perturbative gauge theory analysis in [21, 24]. One could follow
the analysis presented in [25] and calculate decay widths using our matrix elements of H˜,
although it seems that only special cases may be treated analytically.
Our analysis gives further evidence of the correspondence of BMN operators to string os-
cillator states, although we have not addressed the potential discrepancy recently uncovered
at three-loop order[12, 41].
It would be interesting to understand in detail what the effect of repeated impurities
would be, and to extend our calculations explicitly to consider more than four. In this case,
there will be more possible contractions of the gauge-theory operators, since there will no
longer be a unique contraction of the impurity fields. These calculations could be compared
against the arbitrary impurity-number calculations of [21, 24].
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Appendix I: Matrix Elements of H1
In this appendix we first calculate the action of H1 on the discrete basis states (4)-(8)
and demonstrate the use of these results to find the matrix elements of H1 in the momentum
basis (40)-(43). We find:
17
H+Oabcdpapbpcpd
∏
j
OJj =
−λ′
8pi2
[ p1−1∑
i=1
(Oabcdpa−i−1,pb,pc,pd+1 +Oabcdpa−i−1,pb+1,pc,pd − 2Oabcdpa−i,pb,pc,pd)Oi
+
p1−1∑
i=0
((Obcdpb,pc+1,pa−i−1 −Obcdpb,pc,pa−i)Oapd+i
+
(Oadi,pd+1 −Oadi+1,pd)Obcpb,pc+pa−i−1
+
(Obcpb+1,pa−i−1 −Obcpb,pa−i)Oadpc+i,pd
+
(Oacdi,pc+1,pd −Oacdi+1,pc,pd)Obpb+pa−i−1
)]∏
j
OJj
+ (three other cyclic permutations of abcd), (92)
H−Oabcdpapbpcpd
∏
j
OJj =
−λ′
8pi2
[ l∑
i=1
Ji
(Oabcdpa+Ji−1,pb,pc,pd+1 −Oabcdpa+Ji,pb,pc,pd
+Oabcdpa+1,pb,pc,pd+Ji−1 −Oabcdpa,pb,pc,pd+Ji
)∏
j 6=i
OJj
]
+ (three other cyclic permutations of abcd). (93)
H+OabcpapbpcOdpd
∏
j
OJj =
−λ′
8pi2
[ pa−1∑
i=1
(Oabcpa−i−1,pb,pc+1 +Oabcpa−i−1,pb+1,pc − 2Oabcpa−i,pb,pc)OdpdOi
+
pa−1∑
i=0
((Ocbpa−i−1,pb+1 −Ocbpa−i,pb)Oapc+iOdpd
+
(Ocapc+1,pa−i−1 −Ocapc,pa−i)Obpb+iOdpd
)]∏
j
OJj
+ (two other cyclic permutations of abc), (94)
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H−OabcpapbpcOdpd
∏
j
OJj =
−λ′
8pi2
[ l∑
i=1
Ji
(OabcJi+pa−1,pb,pc+1 −OabcJi+pa,pb,pc
+Oabcpa+1,pb,pc+Ji−1 −Oabcpa,pb,pc+Ji
)Odpd
+
pa−1∑
i=0
(
Odbcapa−i−1,pb,pc,pd+i+1 −Odbcapa−i,pb,pc,pd+i
+Odbcapd+i+1,pb,pc,pa−i−1 −Odbcapd+i,pb,pc,pa−i
)
OJi
+
pd−1∑
i=0
(Oadbcpd−i−1,pa+i,pb,pc+1 −Oadbcpd−i,pa+i,pb,pc
+Oabcdpa+1,pb,pc+i,pd−i−1 −Oabcdpa,pb,pc+i,pd−i
)OJi
]∏
j 6=i
OJj
+ (two other cyclic permutations of abc). (95)
H+OabpapbOcdpcpd
∏
j
OJj =
−λ′
8pi2
pa−1∑
i=1
2
(Oabpa−i−1,pb+1 −Oabpa−i,pb)OcdpcpdOi∏
j
OJj
+

 a↔ c
b↔ d

 , then + (a↔ b), then + (c↔ d), (96)
H−OabpapbOcdpcpd
∏
j
OJj =
−λ′
8pi2
[ l∑
i=1
Ji
(OabJi+pa−1,pb+1 −OabJi+pa,pb
+Oabpa+1,pb+Ji−1 −Oabpa,pb+Ji
)Ocdpcpd
+
pa−1∑
i=0
(Ocdbapc+1,pd+i,pb,pa−i−1 −Ocdbapc,pd+i,pb,pa−i
+Ocbadpa−i−1,pb,pc+i,pd+1 −Ocbadpa−i,pb,pc+i,pd
)OJi
]∏
j 6=i
OJj
+

 a↔ c
b↔ d

 , then + (a↔ b), then + (c↔ d). (97)
H+OabpapbOcpcOdpd
∏
j
OJj =
−λ′
8pi2
[
− 1
2
pa−1∑
i=1
(Oabpa−i,pb −Oabpa−i−1,pb+1
−Oabpa−1,pb−i+1 +Oabpa,pb−i
)OcpcOdpdOi
]∏
j
OJj
+ (c↔ d), then + (a↔ b), (98)
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H−OabpapbOcpcOdpd
∏
j
OJj =
−λ′
8pi2
[
− 1
2
l∑
i=1
Ji
(OabJi+pa,pb −OabJi+pa−1,pb+1
+Oabpa,pb+Ji −Oabpa+1,pb+Ji−1
)OcpcOdpd
−
pc−1∑
i=0
((Oabcpa,pc−i,pb+i −Oabcpa+1,pc−i−1,pb+i
+Oabcpa,pb+i,pc−i −Oabcpa+1,pb+i,pc−i−1
)Odpd
+
1
2
(Odcpc−i,pd+i −Odcpc−i−1,pd+i+1
+Odcpd+i,pc−i −Odcpd+i+1,pc−i−1
)Oabpapb
)
OJi
−
pa−1∑
i=0
(Ocbapa−i,pb,pc+i −Ocbapa−i−1,pb,pc+i+1
+Ocbapa+i,pb,pc−i −Ocbapa+i+1,pb,pc−i−1
)OdpdOJi
]∏
j 6=i
OJj
+ (c↔ d), then + (a↔ b). (99)
H+OapaObpbOcpcOdpd
∏
j
OJj = 0. (100)
H−OapaObpbOcpcOdpd
∏
j
OJj =
−λ′
8pi2
[ pb−1∑
i=0
(Oabpb−i,pa+i −Oabpb−i−1,pa+i+1
+Oabpa+i,pb−i −Oabpa+i+1,pb−i−1
)OcpcOdpd
]∏
j
OJj
+ (11 other permutations of abcd), (101)
As with the case of H0, we now write the continuum forms. In order to save space, we
will not write out all the permutations, instead using the convention that in the following
the permutations must first be carried out, and then xd set to r0 − xabc and ∂d set to zero.
Since they are unaffected by H+, we suppress factors of
∏O(rj) in the expressions for H+.
We find:
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‘4’
H+Oabcd(xa, xb, xc, xd) = −λ
′
8pi2∫ xa
0
dy
[
(∂d − 2∂a + ∂b)Oabcd(xa − y, xb, xc, xd)O(y)
+(∂c − ∂a)Obcd(xb, xc, xa − y)Oa(xd + y)
+(∂d − ∂a)Oad(xa − y, xd)Obc(xb + xc + y)
+(∂b − ∂a)Obc(xb, xa − y)Oad(xc + y, xd)
+(∂c − ∂a)Oacd(xa − y, xc, xd)Ob(xb + y)
]
+(3 other cyclic permutations of abcd) (102)
H−Oabcd(xa, xb, xc, xd)
∏
j
O(rj) = −λ
′
8pi2
l∑
i=1
ri(∂d − ∂a)(Oabcd(xa + ri, xb, xc, xd)−Oabcd(xa, xb, xc, xd + ri))
∏
j 6=i
O(rj)
+(3 other cyclic permutations of abcd) (103)
‘31’
H+Oabc(xa, xb, xc)Od(xd) = −λ
′
8pi2∫ xa
0
dy
[
(∂c − 2∂a + ∂b)Oabc(xa − y, xb, xc)Od(xd)O(y)
+(∂b − ∂a)Ocb(xa − y, xb)Oa(xc + y)Od(xd) + (∂c − ∂a)Oca(xc, xa − y)Ob(xb + y)Od(xd)
]
+(2 other cyclic permutations of abc) (104)
H−Oabc(xa, xb, xc)Od(xd)
∏
j
O(rj) = −λ
′
8pi2
l∑
i=1
ri(∂c − ∂a)(Oabc(xa + ri, xb, xc)−Oabc(xa, xb, xc + ri))Od(xd)
∏
j 6=i
O(rj)
+
∫ xa
0
dy
[
(∂d − ∂a)Odbca(xd + y, xb, xc, xa − y) + (∂d − ∂a)Odbca(xd − y, xb, xc, xa + y)
]∏
j
O(rj)
+
∫ xd
0
dy
[
(∂c − ∂d)Oadbc(xd − y, xa + y, xb, xc) + (∂a − ∂d)Oabcd(xa, xb, xc + y, xd − y)
]∏
j
O(rj)
+(2 other cyclic permutations of abc) (105)
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‘22’
H+Oab(xa, xb)Ocd(xc, xd) = −λ
′
8pi2∫ xa
0
dy2(∂c − ∂a)Oab(xa − y, xb)Ocd(xc, xd)O(y)
+(a↔ c, b↔ d), then + (a↔ b), then + (c↔ d) (106)
H−Oab(xa, xb)Ocd(xc, xd)
∏
j
O(rj) = −λ
′
8pi2
l∑
i=1
ri(∂a − ∂b)(Oab(xa, xb + ri)−Oab(xa + ri, xb))Ocd(xc, xd)
∏
j 6=i
O(rj)
+
∫ xa
0
dy
[
(∂c − ∂a)Ocdba(xc, xd, xb, xa)
+(∂d − ∂a)Ocbad(xa − y, xb, xc + y, xd)
]∏
j
O(rj)
+(a↔ c, b↔ d), then + (a↔ b), then + (c↔ d) (107)
‘211’
H+Oab(xa, xb)Oc(xc)Odxd =
−λ′
8pi2
1
2
∫ xa
0
dy(∂b − ∂a)(Oab(xa − y, xb) +Oab(xa, xb − y))Oc(xc)Od(xd)O(y)
+(c↔ d), then + (a↔ b) (108)
H−Oab(xa, xb)Oc(xc)Od(xd)
∏
j
O(rj) = −λ
′
8pi2
1
2
l∑
i=1
ri(∂a − ∂b)(Oab(xa, xb + ri)−Oab(xa + ri, xb))Oc(xc)Od(xd)
∏
j 6=i
O(rj)
+
∫ xc
0
dy
[
(∂a − ∂c)(Oabc(xa, xc − y, xb + y) +Oabc(xa, xb + y, xc − y))Od(xd)
+
1
2
(∂d − ∂c)(Odc(xc − y, xd + y) +Odc(xd + y, xd + y, xc − y))Oab(xa, xb)
]∏
j
O(rj)
+
∫ xa
0
dy(∂a − ∂c)(Ocba(xa + y, xb, xc − y)−Ocba(xa − y, xb, xc + y))Od(xd)
∏
j
O(rj)
+(c↔ d), then + (a↔ b) (109)
‘1111’
H+Oa(xa)Ob(xb)Oc(xc)Od(xd)
∏
j
O(rj) = 0 (110)
22
H−Oa(xa)Ob(xb)Oc(xc)Odxd =
−λ′
8pi2∫ xb
0
dy(∂b − ∂a)(Oab(xb − y, xa + y) +Oab(xa + y, xb − y))Od(xd)Oc(xc)
+(11 other permutations of abcd) (111)
We point out that the elements not involving four-impurity states are very similar to
those calculated in the study of three-impurity states in [25], the only difference being that
there appears an additional single-impurity state which, like the zero-impurity states, is
unaffected by H1. As discussed in the main text, we need only consider elements involving
‘4’ states. We now restrict our attention to the novel ‘4-4’, ‘4-31’ and ‘4-22’ matrix elements,
and express these in the momentum-state basis.
The ‘4-4’ component of H+ may be obtained from the four permutations of the first line
of eqn.(102). This may be written
H+
∣∣
‘4-4’
|n1, n2, n3; r0〉1234 = −λ
′
8pi2
−2pii√
(r0 − s)3sr30
∑
n1,n2,n3
∫
x123<r0
d3x
{
− (2n1 + n2 + n3)
∫ x1
0
ds
1
r0 − se
2pii
r0−s
m123s
+ (n1 − n2)
∫ x2
0
ds
1
r0 − se
2pii
r0−s
m23s
+ (n2 − n3)
∫ x3
0
ds
1
r0 − se
2pii
r0−s
m3s
+ (n1 + n2 + 2n3)
∫ r0−x123
0
ds
1
r0 − s
}
e
2pii
r0
(
D1x1+D2x12+D3x123
)
|m1, m2, m3; r0 − s〉1234|s〉, (112)
where Da =
na
r0
− ma
r0−s . Here, we have not yet added states where the impurities 2, 3, 4 are
permuted along with the three momenta. We can express this component of H+ in terms
of the basis state (40) by adding these permutations. In this case, this involves adding five
more terms, in which the impurities 2, 3, 4 are permuted, along with the momenta n1, n2, n3
and also the momenta m1, m2, m3. Performing the x-integrations and adding the above
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permutations, our final result for the ‘4-4’ matrix element of H+ is given by
〈s|〈m1, m2, m3; r0 − s|H+|n1, n2, n3; r0〉
=
λ′
2pi4
1√
(r0 − s)3sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
× m1D1 +m2D2 +m3D3 +m123D123
(r0 − y)D1D2D3D123 . (113)
The other components ofH+ andH− are calculated in similar fashion using the continuum
forms (102)-(111), and the results are given in the main text.
Appendix II: Matrix Elements of Σ
Here we consider matrix elements of Σ in the momentum-state basis; these are found by
first calculating simple two-point functions in the original discrete basis and then transform-
ing. For the present calculation, we need to find the matrix elements of Σ corresponding to
those calculated in Appendix I for H+ and H−. Since Σ is Hermitian in the momentum-state
basis, we do not need to distinguish between trace-number increasing and decreasing parts
(which other authors have labeled Σ+ and Σ−) since these are simply related by conjugation.
The ‘4-4’ component of Σ is found by considering the correlator
〈O¯1234q1,q2,q3,q4−kO¯kO1234p1,p2,p3,p4〉 (114)
which to genus-one order is given by
Np1234+3k(p4 − k − 1)δp1,q1δp2,q2δp3,q3δp4,q4. (115)
Taking the continuum limit, we replace p and q with x and y; then transforming to the
momentum-state basis requires a tedious procedure of integration similar to that used to
calculate the elements of H+ and H−.
The result is
〈s|〈m1, m2, m3; r0 − s|Σ|n1, n2, n3; r0〉
=
1
pi4
√
(r0 − s)3sr30
sin
(pisn1
r0
)
sin
(pisn2
r0
)
sin
(pisn3
r0
)
sin
(pisn123
r0
)
× 1
D1D2D3D123
where Da =
na
r0
− ma
r0 − s. (116)
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Using the same method, the ‘4-31’ element may be found from the correlator
〈O¯123q1,q2,q3O¯4q4O1234p1,p2,p3,p4〉 = Np1234+3(min(p3, q3, p4, q4) + 1)δp1,q1δp2,q2δp3+p4,q3+q4, (117)
and the ‘4-22’ element from the correlator
〈O¯12q1,q2O¯34q3,q4O1234p1,p2,p3,p4〉 = Np1234+3(min(p2, q2, p4, q4) + 1)δp1,q1δp3,q3δp2+p4,q2+q4. (118)
The results are given in the main text.
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